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NUMERICAL METHOD  7 

Boundary element method 8 
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In this section, we explain a numerical method for Janus particles swimming in fluid. Due 10 

to the small size of Janus particle, we neglect inertial effects in the flow field and assume Stokes 11 

flow. We assume that Janus particles are immersed in incompressible Newtonian fluid with 12 

viscosity η and density 𝜌𝑙𝑖𝑞𝑢𝑖𝑑. We also assume the Janus particles located on an infinite plane 13 

wall of 𝑥3 = 0 when investigated the surface walk of Janus particles. In the Stokes flow regime, 14 

the velocity field around the Janus microdimer in integral form is given by  15 

𝑢𝑖 (𝐱) − 𝑢𝑖
∞(𝐱) = −

1

8𝜋η
∫ 𝐺𝑖𝑗 (𝐱 − 𝐲)𝑡𝑗(𝐲)𝑑𝐴𝑐𝑝𝑎𝑟𝑡𝑖𝑐𝑙𝑒

 ,             (1) 16 

where u(x) is the velocity at position x, 𝐮∞(x) is the background velocity,  Ac is the surface of 17 

the janus microdimer, and t is the traction force. G is referred to as free-space Green’s function 18 

or simply the Stokeslet, in the form of  19 

𝐺𝑖𝑗 (𝐱 − 𝐲) = (
𝛿𝑖𝑗

𝑟
+

𝑟𝑖𝑟𝑗

𝑟3 ),          (2) 20 

Where 𝐲 = (𝑦1, 𝑦2, 𝑦3 ), 𝑟 = [(𝑥1 − 𝑦1)2 + (𝑥2 − 𝑦2)2+(𝑥3 − 𝑦3)2]1/2, 21 

 Consider a wall in the 𝑥1, 𝑥2 plane at 𝑥3 = 0, Gw for the half space bounded by a no-slip wall, 22 

given by: 23 

 24 

𝐺𝑖𝑗
𝑤(𝐱 − 𝐲) = (

𝛿𝑖𝑗

𝑟
+

𝑟𝑖𝑟𝑗

𝑟3 ) − (
𝛿𝑖𝑗

𝑅
+

𝑅𝑖𝑅𝑗

𝑅3 ) + 2ℎ(𝛿𝑗𝛼𝛿𝛼𝑘 − 𝛿𝑗3𝛿3𝑘)
𝜕

𝜕𝑅𝑘
{

ℎ𝑅𝑖

𝑅3 − (
𝛿𝑖3

𝑅
+

𝑅𝑖𝑅3

𝑅3 )} ,      (3) 25 

 26 

where 𝐲 = (𝑦1, 𝑦2, ℎ) , 𝑟 = [(𝑥1 − 𝑦1)2 + (𝑥2 − 𝑦2)2+(𝑥3 − ℎ)2]1/2 , 𝑅 = [(𝑥1 − 𝑦1)2 +27 

(𝑥2 − 𝑦2)2+(𝑥3 + ℎ)2]1/2 and 𝛼 = 1, 2. 28 

The surface A of particle is determined by two curvilinear coordinate system(𝜉1, 𝜉2), 29 

which express the coordinate x as x(𝜉, 𝛾). The normal vector of the surface is given by 30 

𝒏 =
1

𝐽

𝜕𝒙

𝜕𝜉1 ×
𝜕𝒙

𝜕𝜉2,  with 𝑗 = |
𝜕𝒙

𝜕𝜉1 ×
𝜕𝒙

𝜕𝜉2|,           (4) 31 

The Jacobian of the transformation. An infinitely small surface element has area  32 
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𝑑𝐴𝑐 = 𝐽d𝜉1d𝜉2,           (5) 33 

 To calculate the integral equation, we use a Gaussian numerical integration scheme with 34 

a linear interpolation function. This method approximates the integral of function as a weighted 35 

sum of function values at specified points within the domain of the element. In this study flat 36 

triangles have been used to form the boundary surface. In a given element, the coordinates 37 

(𝜉1, 𝜉2)  are replaced by the intrinsic coordinates in an isoparametric triangular element 38 

(𝛾1, 𝛾2) with the interval of [0,1]. The integral is then discretized by: 39 

∫ 𝑡(𝒙) 𝑑𝐴𝑐 = ∫ 𝑡(𝜉1, 𝜉2)  𝐽d𝜉1d𝜉2 ≈ ∑ ∫ ∫ 𝑡(𝛾1, 𝛾2) 𝐽
1−𝛾2

0

1

0𝑒𝑙𝑒𝑚𝑒𝑛𝑡 d𝛾1d𝛾2 =40 

1

2
∑ ∑ 𝐽28

𝑘=1 𝑡(𝑘)𝑤𝑘𝑒𝑙𝑒𝑚𝑒𝑛𝑡 ,                                                                                      (6) 41 

Note that Eq.(6) includes a singularity. When an observation point x is located near a 42 

source point y, a special operation is needed to avoid numerical errors arising from the 43 

singularity. For the singular elements, we use a coordinate transformation from (𝛾1, 𝛾2) to 44 

polar coordinates (𝜍, 𝜃) as  45 

∫ ∫ 𝑡(𝛾1, 𝛾2) 𝐽
1−𝛾2

0

1

0
 d𝛾1d𝛾2 = ∫ ∫ 𝑡(𝜍, 𝜃) 𝐽

𝑅(𝜃)

0

𝜋

2
0

𝜍 d𝜍d𝜃,                         (7) 46 

Where 𝑅(𝜃) is the distance from x to the opposite edge of the triangle at angle 𝜃. 47 


